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Abstract— This paper deals with the time-domain numerical
calculation of electromagnetic (EM) fields in media described by
linear Drude dispersive models. The frequency-dependent finite-
difference time-domain (FD*TD) method is applied to solve
multipole Drude equations using two equivalent circuit models.

Index Terms— Finite difference methods, Time domain
analysis, Computational electromagnetics, Equivalent circuit,
Propagation losses.

I. INTRODUCTION

HE finite-difference time-domain (FDTD) method has

been used to solve problems of electromagnetic wave
propagation in dispersive media since many years [1]-[3]. In
the recent past an improved formulation of the frequency-
dependent finite-difference time-domain (FD*TD) method has
been presented to analyze media characterized by multipole
Debye dispersion relation [4]. In the present work, the FD*TD
method proposed in [4] is extended to model media with
multipole Drude linear dispersion using circuit methods [5]-
[6] developed for other kinds of applications [7]-[8]. For the
solution of multipole Drude media, two different circuit
methods, named as CIRC and PCRC, are proposed.

II. MATHEMATICAL FORMULATION

Electromagnetic fields in the Laplace domain are described
by Maxwell's curl equations:

VxE(s) = -suH(s) (1a)

VxH(s) =s&&,.(s)E(s) (1b)

where E(s) and H(s) are the electric and magnetic fields,
respectively, s is the Laplace variable, i the permeability, &
the free space permittivity, and £ the frequency-dependent
complex relative permittivity. For a Drude linear dispersive
medium, & (s) can be written as £, (s) =&, + x(s)+o/(s&,),
being &, the infinite relative permittivity, y(s) the dielectric
susceptibility and ¢ the conductivity. In case of a multipole
Drude medium, y(s) is given by:
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where v., is the Drude pole, w, is the inverse of the
relaxation time and M is the number of poles [1]. The
admittance Y,,(s) of the generic mth pole is given by:

Y, (s)=5E0%,(S) =& a)mz/(s Ve ) 3)

which can be rewritten in a more suitable form for circuit-
oriented applications as:
Y, (s)=1/(R,+sL,) “)

m

where the mth inductance and resistance are given by:

(52)
(5b)

L, = 1/(goa)m2)
R,=v,, /(goa)m2 )

For a multipole Drude dispersion media, the constitutive
relation between the electric field E and the total dispersion

current J is given by J =s¢,£, (s)E and can be represented

by the equivalent circuit shown in Fig.1 when assuming Gy=¢
and C,=¢pe.,. This circuit is very similar to that proposed in [7]
to analyze impedance boundary conditions. It means that the
same methods used in [7] can be applied for the solution of
multipole Drude dispersion media by the FD°TD method as
described in the following.
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Fig. 1. Equivalent circuit of a multipole Drude dispersion model.

Transforming (1) into the time domain and applying the
FD’TD method in one-dimension (1D) for the sake of
simplicity and without any loss of relevance, it yields:

EL—E =—u [{i’:l//z2 — Hz'i_ll//zz (6a)
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where the superscript #n and the subscript i refer respectively to
the time iteration (#=nAt) and spatial iteration (x=iAx) being
At the time step and Ax the spatial discretization, while J,, , is
the mth polarization current that can be obtained in two
different ways [7]. In the first method named CIRC, J,,, is
directly calculated in time domain applying the finite
difference scheme to the constitutive relationships of the R,,L,,
series circuit branch yielding to:
n+ -1 n— n

Jr? =(L, /At + R, [2) [(L,/At=R, [2) ] +E" ] (])

Jom can be also obtained using a piecewise constant
recursive convolution (PCRC) method as:

t
J (D)= j Y (t —T)E(7)dT ®)
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where the transient admittance y,,(¢) is analytically given by:
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being I the inverse Laplace transform. Jpm can be then
calculated at discrete time =(n+1)At as:

R
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ntl/2 _ L
Jpm _L_mJO e E(z’) dr (10)
and applying the PCRC integration scheme it yields:
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After calculation of J,,, , the FDTD solution of system (6)
does not present any difficulty.

III. NUMERICAL RESULTS

Consider a FD’TD simulation of a TEM propagation inside
a dispersive 2-pole Drude material slab of thickness d = 30
mm characterized by e,.=1, v;=2n 12:10° s, ,=2m 30-10° s'l,
vc,|=7-109 st Vc,z=25'109 s and 6=0.05 S/m and surrounded
by free space. The waveform of the electric field excitation is
a Gaussian pulse described by E'(f)=exp(-(wt-4)?) V/m with
w=1.6-10"" s™". The 1D computational domain is discretized by
1500 cells assuming Ax=37.5 pm and the slab is located
between cells Ny = 401 and N, = 1200. The time step is
At=0.125 ps. Absorbing boundary conditions (ABC) are
applied to the extremity boundaries of the computational
domain in free space to avoid any field reflection. For the
considered configuration the analytical solution is available
via the inverse Fourier transform. The examined configuration
and the comparison between the results of the proposed
circuit-oriented FD*TD simulations and the analytical solution
at =1500A¢ are reported in Fig. 2.

In order to evaluate the precision of the numerical results
the frequency-dependent wave number KeptD=-
log(Err(@,P,)/ Epr(w,P1))/(j(Py-P;)) is calculated by the
FDTD methods via the Fast Fourier Transform (FFT)
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Fig. 2. Computational domain (a). Comparison between analytic and FDTD
computed solutions of electric field at =1500 At for the Drude media (b).
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Fig. 3. Frequency-dependent wave number k for the Drude media:
comparison between exact value and FFT of the FDTD computed solution.

assuming Ax=37.5 um and A=0.125 ps. P, =(N; + 10)Ax and
P, = P; + 10Ax are two points inside a single pole Drude
material characterized by ¢, = 1.5, w; = 2=n 28.7-10° 57!, Vel =
20-10° s and o = 0 S/m [2]. The computation is stopped at
=1500A¢ and kgprp for the CIRC and PCRC methods is
compared with the exact value Kexuo=0(togo £, (@) )”2 as shown

in Fig. 3 revealing a very good agreement.
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